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A sintering model is presented for prediction of changes in the microstructure and dimensions of free-standing, plasma-sprayed (PS)
thermal barrier coatings (TBCs). It is based on the variational principle. It incorporates the main microstructural features of PS TBCs
and simulates the eﬀects of surface diﬀusion, grain boundary diﬀusion and grain growth. The model is validated by comparison with
experimental data for shrinkage, surface area reduction and porosity reduction. Predicted microstructural changes are also used as input
data for a previously developed thermal conductivity model. Good agreement is observed between prediction and measurement for all
these characteristics. The model allows separation of the eﬀects of coating microstructure and material properties, and captures the cou-
pling between densifying and non-densifying mechanisms. A sensitivity analysis is presented, which highlights the importance of the ini-
tial pore architecture. Predictions indicate that the microstructural changes which give rise to (undesirable) increases in thermal
conductivity and stiﬀness are very sensitive to surface diﬀusion.1
 2008 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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Improvements in the performance of thermal barrier
coatings (TBCs) remains a key objective for further devel-
opment of both land-based and aeroengine gas turbines.
In-service degradation, accompanied by increased risk of
spallation, is the major concern. There are strong indica-
tions [1–8] that spallation is commonly related to sintering
and associated stiﬀening of the zirconia top coat, particu-
larly [9–14] when this is accelerated by the presence
of impurities, such as calcia–magnesia–alumina–silica
(CMAS), either from the original powder or deposited dur-
ing service. This concern is likely to become even more1359-6454/$34.00  2008 Acta Materialia Inc. Published by Elsevier Ltd. All
doi:10.1016/j.actamat.2008.10.024
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1 A compiled version of the sintering model can be downloaded from
www.msm.cam.ac.uk/mmc/publications/software.htmlprominent as turbine entry temperatures continue to rise.
It relates equally to both plasma spray (PS) and physical
vapour deposition (PVD) coatings.
The present work is focused on PS TBCs. Their micro-
structure comprises overlapping splats lying parallel to the
substrate, with interlamellar (inter-splat) pores oriented nor-
mal to the heat ﬂux direction, through-thickness intra-splat
microcracks (created during splat quenching) and globular
voids – see Fig. 1. These features confer low through-thick-
ness thermal conductivity (K  1 W m1 K1) and low in-
plane stiﬀness (E  20 GPa). The latter is beneﬁcial in
reducing the stresses that arise during thermal cycling as a
consequence of the mismatch in expansivity between
substrate (a  11–15  106 K1) and coating (a 
9–11  106 K1).
During service, TBCs are exposed to high tempera-
tures for extended periods, leading to sintering. Conse-
quently, increased thermal conductivity [8,15,16] and
stiﬀness [5,7,17–20] have been widely reported. Therights reserved.
Fig. 1. SEM fracture surfaces of as-sprayed YSZ coatings, from the work
of (a) Paul et al. [14] and (b) Tsipas et al. [7].
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growth of the inter-splat contact area [21,22], and in-
plane stiﬀening with a combination of inter-splat
locking and splat stiﬀening, due to microcrack healing
[19]. There is therefore a strong incentive to obtain
improved understanding of how microstructures of this
type evolve at high temperature, and how these
changes inﬂuence the properties and behaviour of the
coatings. The sintering model presented here is based
on application of the variational principle to diﬀusional
phenomena, which has been broadly described else-
where [23–26].2. Framework of the model
2.1. General background
A nomenclature listing is presented as Table 1. Interest
is focused on the pore architecture, and the way in which
this changes during extended holding at elevated temper-
ature, as a consequence of diﬀusional processes. The main
architectural features of PS TBCs are taken to be inter-
splat pores, intra-splat microcracks and globular voids.
These are all assumed to be connected to each other,
and to the surrounding atmosphere – i.e. there are no
occluded pores. Obviously, a number of parameters must
be deﬁned, including various dimensions and the volume
fraction of each type of porosity, and also certain material
properties. Choice of these has been made mostly on the
basis of information available in the literature and both
the values employed and the sources are listed in tables
– see below. The three types of porosity are treated sepa-
rately, within three superimposed domains. It is assumed
that the system evolves in such a way that, during each
time step, the change (reduction) in free energy associated
with the change in its structure, and the energy dissipated
during the diﬀusional processes involved to eﬀect this
change, are such as to optimize the process from an
energy point of view. Representative domains are identi-
ﬁed, but there is no further spatial discretization within
each domain.
Only grain boundary and surface diﬀusion are treated.
Lattice diﬀusion, diﬀusion along dislocations, vapour
transport and viscous ﬂow of any liquid (vitreous) phases
are therefore all neglected. This is thought to be broadly
appropriate for these systems, although liquid phase sinter-
ing may be signiﬁcant for cases in which the impurity con-
tent is relatively high. It may be noted that, while both
grain boundary and surface diﬀusion will tend to eﬀect
changes in pore architecture, and associated reductions in
surface area, only grain boundary diﬀusion causes densiﬁ-
cation, and hence changes in the macroscopic dimensions
of the specimen. In the present version of the model, relat-
ing to free-standing coatings, there is no constraint, and
hence no stress within the specimen and no creep phenom-
ena. In a companion paper, the eﬀects of attachment to a
rigid substrate, leading to stress development and creep,
are considered.
2.2. Model geometry
2.2.1. Inter-splat pores
The superscript (1) refers to the inter-splat pore
domain, deﬁned in cylindrical coordinates (r, z). A repre-
sentative volume element is a cylindrical disk of radius
rs0 and height 2zs0 (splat thickness), with a cylindrical
bridge (contact) of radius rb0 (see Fig. 2). (While a cylin-
drical geometry has been assumed, these volume elements
are not intended to represent splats, which are approxi-
mately cylindrical, but rather the segments between
Table 1
Nomenclature
Symbols
a m Half-distance between microcrack spacing
A m2 Area
b m Open dimension of pores or microcracks
D m2 s1 Diﬀusion coeﬃcient
D0 m
2 s1 Pre-exponential factor of the diﬀusion coeﬃcient
g m Grain size
G J m3 Free energy per unit volume of material
h m Distance from the centre of a splat to the centre of an
inter-splat contact
j m3 m1 s1 Volumetric ﬂux per unit length (along an interface)
kB J at
1 K1 Boltzmann’s constant
L0 m Initial half-length of a microcrack
mm m
4 J1 s1 Intrinsic grain boundary mobility
M m2 J1 s1 Atomic mobility
n – No. of modelled unit domains
Ns – No. of columnar grains within a representative volume
element of a splat
P – Porosity
q m3 m2 s1 Additional source or sink of material (volumetric ﬂux
per unit area)
Q J mol1 Activation energy
r m Radius
S m2 m3 Speciﬁc surface area
v m s1 Migration velocity of an interface, normal to its surface
V m3 Volume of material corresponding to a domain
x m Length in x direction
y m Length in y direction
z m Length in z direction
Greek symbols
d m Thickness of layer along interface, through which
diﬀusion takes place
c J m2 Interfacial energy
P J s1 m3 Sum of rates of free energy reduction and energy
dissipation, per unit volume of material
X m3 atom1 Volume associated with a diﬀusing species
n Correction factor
W J s1 m3 Rate of energy dissipation per unit volume of material
Superscripts
(1) Inter-splat pores
(2) Intra-splat microcracks
(3) Globular voids
Subscripts
b Contact bridge between inter-splat pores or intra-splat
microcracks
c Microcrack
gb Grain boundary
ip In-plane
imp Impurities
m Grain boundary migration
s Splat
S Surface
tt Through-thickness
t Total
v Globular void
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and do not have a cylindrical geometry.) Inter-splat
porosity is represented as the void between these cylindri-
cal disks, with open pore dimension 2(h  zs), where h is
the height from the centre of the inter-splat contact tothe centre of the splat. The splats contain through-thick-
ness columnar grains, modelled as hexagonal prisms of
initial side length g0. The number of grains within a vol-
ume element (splat) is Ns. Fig. 1 shows that columnar
grains do not always extend through the complete thick-
ness of a splat and some grain boundaries lie at large
angles to the through-thickness (z) direction. The grain
structure is therefore represented as both a set of col-
umns and an in-plane boundary extending across the
plane of symmetry, at the mid-height of the splat – see
Fig. 2. An in-plane grain boundary is also located at
the mid-height of the cylindrical bridge, along the
inter-splat contact area. The volume of the modelled
domain extends over the half-height of the splat, zs0,
and the half-height of the pore, (h  zs).
Microstructural evolution of interlamellar pores is
described by the changing values of four independent geo-
metrical parameters: h, zs, rs and Ns. The radius of the con-
tact area, rb, and the grain size, g, can be expressed in terms
of these. The independent parameters are associated with
the mechanisms of grain boundary diﬀusion, leading to
through-thickness shrinkage (reduction in h), surface diﬀu-
sion (reduction in zs), grain boundary diﬀusion, causing in-
plane shrinkage (reduction in rs), and grain growth (reduc-
tion in Ns). As sintering proceeds (Fig. 2, dashed proﬁle),
grain boundary diﬀusion along the columnar grains
reduces rs, causing in-plane shrinkage. Material ﬂows to
the in-plane grain boundary, along the inter-splat contact,
and to the free surface. Grain boundary diﬀusion along the
inter-splat contact reduces h, resulting in through-thickness
shrinkage, and increases rb. Surface diﬀusion contributes to
pore spheroidization, i.e. reduces zs, causing the half-height
of the pore (h  zs) to increase, and increases rb. Finally,
grain boundary migration causes an increase in lateral
(in-plane) grain size, g, and hence a reduction in Ns (while
rs remains unchanged). Uniform grain growth is assumed
(i.e. the migration of individual GBs is not modelled) and
Ns decreases continuously.
2.2.2. Intra-splat microcracks
The superscript (2) refers to the intra-splat microcrack
domain, deﬁned in Cartesian coordinates (x, y, z). A net-
work of through-thickness microcracks is modelled as two
superimposed orthogonal arrays (Fig. 3). The representa-
tive volume element for microcracks is a rectangular
domain of width 2a0 (related to microcrack spacing)
and length 2L0, with height equal to the splat thickness,
2zs0. The microcracks, with open dimension 2(a0  yc0),
are separated by bridge contacts of width 2xb0, with a
grain boundary along the centre of the contact. The mod-
elled domain thus corresponds to a cuboid of width a0,
length L0 and height equal to the half-thickness of the
splat, zs0. For simplicity, the sintering of only one array
is modelled, but the surface area and porosity correspond-
ing to microcracks is doubled, to take account of an
orthogonal set, and the in-plane shrinkage is assumed
isotropic.
Fig. 2. Schematic depiction of domain (1), representing inter-splat porosity, showing perspective, plan and elevation views of the cylindrical system, an
indication of how the shape changes after sintering and an illustrative SEM micrograph (post-heat treatment).
Fig. 3. Schematic depiction of domain (2), representing intra-splat porosity, showing perspective, plan and elevation views, an indication of how the shape
changes after sintering and an illustrative SEM micrograph (plan view of a splat).
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is described by the changing values of two independent
geometrical parameters, a and yc. The half-width of the
intra-splat contact, xb, is expressed in terms of a and yc,
and the domain length L0 is assumed constant. The inde-
pendent parameters are associated with the mechanisms
of grain boundary diﬀusion (reduction in a) and surface
diﬀusion (reduction in yc). As sintering proceeds
(Fig. 3(b), dashed proﬁle), grain boundary diﬀusion along
the intra-splat contact reduces a, resulting in in-plane
shrinkage, and increases xb. Surface diﬀusion contributesto spheroidization of microcracks, i.e. reduces yc, which
promotes opening of the microcracks ((a  yc) increases),
and increases xb.
2.2.3. Globular voids
Globular voids, denoted by the superscript (3), are
assumed to remain unchanged during sintering, but
their contributions to the overall porosity and speciﬁc
surface area are taken into account. They are modelled
as large-scale, spherical pores, with radius rv – see
Fig. 1.
Table 2
Material property input data for the model.
Property Units Value Source
Ds0 m
2 s1 1.0  103 See [38]
Qs J mol
1 3.14  105 See [38]
Dgb0 m
2 s1 1.0  103 [39]
Qgb J mol
1 3.70  105 [39]
nimp
a 20 See [38]
nm
b 1.00  104 See [38]
cs J m
2 0.30 [40]
cgb J m
2 0.15 [41]
X m3 3.374  1029 See [38]
ds m 3.231  1010 See [38]
dgb m 6.462  1010 See [38]
a Ds0 and Dgb0 are increased by a correction factor, nimp, in order to
account for the increase in sintering rate due to segregation of impurities
to free surfaces and grain boundaries.
b The intrinsic grain boundary mobility, mm, is decreased by a correction
factor, nm, in order to account for the drag force exerted by segregated
solutes (solute drag) and by second-phase particles (Zener drag).
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2.3.1. Free energy of the system
The model simulates a free-standing coating, with
fully interconnected porosity. Thus, there are no contri-
butions to the free energy from either stored elastic
strain energy (since there is no constraint) or pressure
acting on free surfaces (since there is no occluded poros-
ity). The only contributions to the free energy per unit
volume of material, G, are the surface and grain bound-
ary energies
G ¼ 1
V
Z
AS
cSdAS þ
Z
Agb
cgbdAgb
" #
ð1Þ
where V is the volume of material corresponding to a mod-
elled domain, As and Agb are surface and grain boundary
areas respectively, and cs and cgb are surface and grain
boundary energies. Derivation of the expressions for the
free energy of the system is presented in the Appendix
(§A.2).
2.3.2. Rate of energy dissipation
The processes that can dissipate energy during micro-
structural evolution are: (i) diﬀusion through the lattice;
(ii) diﬀusion along grain boundaries; (iii) diﬀusion along
free surfaces; (iv) grain boundary migration; and (v) creep.
Only surface and grain boundary diﬀusion, together with
grain boundary migration, are considered here, and creep
does not ﬁgure in the current formulation, since the model
refers to a free-standing coating, in which no stresses
develop. The rate of energy dissipation via these processes
(per unit volume of material), W, is given by
W ¼ 1
V
Z
Agb
1
2MgbXdgb
ðjgbÞ2dAgb
zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{Grain boundary Diffusion
þ
Z
AS
1
2MSXdS
ðjSÞ2dAS
zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{Surface diffusion2664
þ
Z
Agb
1
2mm
ðvmÞ2dAgb
zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{Grain boundary migration 3775 ð2Þ
where M is the atomic mobility (see Eq. (3)), X is the vol-
ume associated with a diﬀusing species, j is the volumetric
ﬂux per unit length (along an interface), d is the thickness
of the layer through which diﬀusion is taking place, vm is
the grain boundary migration velocity and mm is the intrin-
sic grain boundary mobility. The atomic and the intrinsic
grain boundary mobilities are taken from Rahaman [27]
M ¼ D0 expðQ=RT Þ
kBT
ð3Þ
mm ¼
Dgb0 expðQgb=RT Þ
kBT
X
dgb
ð4Þ
where kB is the Boltzmann constant. The intrinsic grain
boundary mobility can, however, be signiﬁcantly reducedby the drag force exerted by segregated solutes and sec-
ond-phase particles (Zener drag). A correction factor nm
is applied to account for this eﬀect (see Table 2).
The diﬀusion ﬂuxes along grain boundaries and free
surfaces are assumed to be uniaxial. Matter conserva-
tion is satisﬁed by relating the ﬂux along an interface,
j, to its migration velocity, normal to its surface, v, as
follows:
rjþ v ¼ q ð5Þ
where $ is the divergence operator and q represents addi-
tional sources or sinks for material. Derivation of the
rate of energy dissipation is presented in the Appendix
(§A.3).
2.3.3. Derived equations
The system evolves so as to minimize a function P, the
sum of the rate of free energy reduction, G˙, and the energy
dissipation rate, W
Pð _h; _zs; _rs; _N s; _a; _ycÞ ¼ dG
dt
ð _h; _zs; _rs; _N s; _a; _ycÞ
þWð _h; _zs; _rs; _N s; _a; _ycÞ ð6Þ
The minimum occurs [23–26] at a stationary point of the
function P, so that
dP ¼ dð _GþWÞ ¼ 0 ð7Þ
This equation represents a set of six ordinary diﬀerential
equations, which can be written in matrix form – see Eq.
(8) below. Expressions for the elements of the matrix,
and the vector on the right hand side, are listed in Tables
3 and 4. They depend on the values of the independent
variables (h, zs, rs, Ns, a,yc), but not on their rates of change
ð _h; _zs; _rs; _N s; _a; _ycÞ. The matrix is symmetric and non-singu-
lar, so it can be inverted algebraically. The set of equations
is solved numerically after each time step, using the fourth-
order Runge–Kutta method
Table 3
Elements of the matrix for the diﬀerential equations related to interlamellar pores.
o
dG
ð1Þ
k
dt
 
o _h
¼ 1
V ð1Þ
Cð1Þ1
o
dG
ð1Þ
k
dt
 
o_zs
¼ 1
V ð1Þ
Cð1Þ2
o
dG
ð1Þ
k
dt
 
o_rs
¼ 1
V ð1Þ
Cð1Þ3
o
dG
ð1Þ
k
dt
 
o _N s
¼ 1
V ð1Þ
Cð1Þ4
Cð1Þ1 ¼ cSprb 1þ rbhzs
 
 cgb p2
r2
b
hzs
Cð1Þ2 ¼ cSp ðr2s  r2bÞ 1hzs  1rb
 
 2rb
 
þ cgb p2
ðr2
b
r2s Þ
hzs
Cð1Þ3 ¼ cS2prs 1þ zshzs 
zs
rb
 
þ
cgb prs  prszshzs 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
ﬃﬃﬃ
3
p
pN s
p
1
r2s
ðr2b0ðh0  zs0Þ þ r2s0zs0Þ
 
Cð1Þ4 ¼ cgb
ﬃﬃ
3
p
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
ﬃﬃ
3
p
pN s
p ðr2b0ðh0zs0Þþr2s0zs0Þ
rs
After full densification :
Cð1Þ1 ¼ 0
Cð1Þ2 ¼ 0
Cð1Þ3 ¼ cgb 2prs 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
ﬃﬃﬃ
3
p
pN s
p
1
r2s
ðr2b0ðh0  zs0Þ þ r2s0zs0Þ
 
Cð1Þ4 ¼ cgb
ﬃﬃ
3
p
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
ﬃﬃ
3
p
pN s
p ðr2b0ðh0zs0Þþr2s0zs0Þ
rs
o2Wð1Þ
ðo _hÞ2 ¼ 1V ð1Þ ð2C
ð1Þ
6 þ 16Cð1Þ8 ðh zsÞr2bÞ
o2Wð1Þ
o _ho_zs
¼  1
V ð1Þ
1
12C
ð1Þ
8 ðh zsÞðr2s  r2bÞ
o2Wð1Þ
o _ho_rs
¼ 1
V ð1Þ
4Cð1Þ6
h
rs
þ Cð1Þ8  12 ðhzsÞzsrs ðr2s  r2bÞ þ 13
ðhzsÞ
rs
ðr2bðh zsÞ þ r2s zsÞ
 h i
o2Wð1Þ
ðo_zsÞ2 ¼
1
V ð1Þ
2Cð1Þ7 þ 16Cð1Þ8 ðhzsÞr2
b
ðr2s  r2bÞ2
h i
o2Wð1Þ
o_zso_rs
¼ 1
V ð1Þ
4Cð1Þ7
zs
rs
þ Cð1Þ8 12 ðhzsÞzsrsr2b ðr
2
s  r2bÞ2
 h

Cð1Þ8 16 ðhzsÞr2
b
rs
ðr2s  r2bÞðr2bðh zsÞ þ r2s zsÞ
 i
o2Wð1Þ
ðo_rsÞ2 ¼
1
V ð1Þ
8Cð1Þ7
z2s
r2s
þ 8Cð1Þ6 h
2
r2s
þ 2Cð1Þ5 þ
h
þ2Cð1Þ8 ðhzsÞr2
b
r2s
ðz2s ðr2s  r2bÞ2  zsðr2s  r2bÞðr2bðh zsÞ þ r2s zsÞ þ 13 ðr2bðh zsÞ þ r2s zsÞ2Þ
i
o2Wð1Þ
ðo _N sÞ2 ¼
2Cð1Þ
9
V ð1Þ
Cð1Þ5 ¼ p3MgbXdgb
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pﬃﬃ
3
p
N s
q
1
rs
ðr2bh3 þ ðr2s  r2bÞz3s Þ
Cð1Þ6 ¼ p16MgbXðdgb=2Þ r4b
Cð1Þ7 ¼ p4MSXdS r4s ln
rs
rb
 r2s ðr2s  r2bÞ þ
r4sr4b
4
 
Cð1Þ8 ¼ prbMSXdS
Cð1Þ9 ¼ p8
ﬃﬃﬃﬃﬃﬃ
pN s
2
ﬃﬃ
3
p
q
dgb
MgbnmX
rsðr2b0ðh0zs0Þþr2s0zs0Þ
N3s
After full densification :
Cð1Þ5 ¼ p3MgbXdgb
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pﬃﬃ
3
p
N s
q
1
rs
r2sh
3
Cð1Þ6 ¼ p16MgbXðdgb=2Þ r4s
Cð1Þ7 ¼ 0
Cð1Þ8 ¼ 0
Cð1Þ9 ¼ p8
ﬃﬃﬃﬃﬃﬃ
pN s
2
ﬃﬃ
3
p
q
dgb
MgbnmX
rsðr2b0ðh0zs0Þþr2s0zs0Þ
N3s
Table 4
Elements of the matrix for the diﬀerential equations related to intra-splat
microcracks.
o
dG
ð2Þ
k
dt
 
o _a ¼ 1V ð2Þ C
ð2Þ
1
o
dG
ð2Þ
k
dt
 
o _yc
¼ 1
V ð2Þ
Cð2Þ2
Cð2Þ1 ¼ cSzs0 xbayc þ 1
 
 cgb zs02 xbayc
Cð2Þ2 ¼ cSzs0 L0xbayc  1
 
 cgb zs02 L0xbayc
 
o2Wð2Þ
o _að Þ2 ¼ 1V ð2Þ 2 C
ð2Þ
3 þ Cð2Þ6
 
o2Wð2Þ
o _ao _yc
¼ 1
V ð2Þ
Cð2Þ5
o2Wð2Þ
o _ycð Þ2 ¼
1
V ð2Þ
2Cð2Þ4
Cð2Þ3 ¼ 16MSXdS zs0ða ycÞx2b
Cð2Þ4 ¼ 16MSXdS zs0ða ycÞðL0  xbÞ
2 1þ L0xbayc
 
Cð2Þ5 ¼  16MSXdS zs0ða ycÞxbðL0  xbÞ
Cð2Þ6 ¼ 16MgbX12dgb zs0x
3
b
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ðo _hÞ2
o2Wð1Þ
o _ho_zs
o2Wð1Þ
o _ho_rs
0 0 0
o2Wð1Þ
o _ho_zs
o2Wð1Þ
ðo_zsÞ2
o2Wð1Þ
o_zso_rs
0 0 0
o2Wð1Þ
o _ho_rs
o2Wð1Þ
o_zso_rs
o2Wð1Þ
ðo_rsÞ2 0 0 0
0 0 0 o
2Wð1Þ
ðo _N sÞ2 0 0
0 0 0 0 o
2Wð2Þ
ðo _aÞ2
o2Wð2Þ
o _ao _yc
0 0 0 0 o
2Wð2Þ
o _ao _yc
o2Wð2Þ
ðo _ycÞ2
0
BBBBBBBBBBBBB@
1
CCCCCCCCCCCCCA
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3. Model predictions and comparisons with experiment
The input data for pore geometry and material prop-
erties are summarized in Tables 2 and 5. The validity of
the model is explored through comparisons with experi-
ments, performed on free-standing, plasma-sprayed YSZ
coatings (AE1 in the notation of a previous publication
[14]).
Table 5
Pore architecture input data for the model.
Property Units Monosized distance Bimodal distance (0.5 rs,0.5 rb) (2 rs, 2 rb) Source
Inter-splat pores
zs0 m 1.25  106 1.25  106 1.25 106 1.25  106 1.25  106 Fig. 1(a)
h0 m 1.313  106 1.275  106 1.350 106 1.313  106 1.313  106 f(zs0,b0)
rs0 m 3.00  106 3.00  106 3.00 106 1.50  106 6.00  106 f((Ab/AT)0)
rb0 m 1.162  106 1.162  106 1.162 106 5.809  107 2.324  106 f((Ab/AT)0)
g0 m 5.00  107 5.00  107 5.00 107 5.00  107 5.00  107 Fig. 2
b0=2(h0-zs0) m 125 10
9 50  109 200  109 125  109 125 109 [3,14,18,28,34]
(h-zs)
1 m1 1.6  107 4.0  107 1.0  107 1.6  107 1.6  107
(Ab/AT)0 / (rb0/rs0)2 % 15 15 15 15 15 [35]
P % 4.05 1.67 6.30 4.05 4.05 [36,37]
S m2 m3 6.88  105 6.83  105 6.92 105 7.01  105 6.81  105 [36]
Intra-splat microcracks
a0 m 3.75  106 3.75  106 3.75 106 3.75  106 3.75  106 Fig. 1(b), Fig. 3
yc0 m 3.688  106 3.725  106 3.650 106 3.688  106 3.688  106 f(a0,b0)
xb0 m 1.125  106 1.125  106 1.125 106 1.125  106 1.125  106 f((Ab/AT)0)
L0 m 3.75  106 3.75  106 3.75 106 3.75  106 3.75  106 Fig. 1(b), Fig. 3
b0=2(a0-yc0) m 125 10
9 50  109 200  109 125  109 125 109 [3,14,18,28,34]
(a-yc)
1 m1 1.6  107 4.0  107 1.0  107 1.6  107 1.6  107
(Ab/AT)0 / (xb0/ L0) % 30 30 30 30 30
P % 2 (1.17) 2 (0.47) 2 (1.87) 2 (1.17) 2 (1.17) [36,37]
S m2 m3 2 (1.93  105) 2 (1.89  105) 2 (1.98  105) 2 (1.93  105) 2 (1.93  105) [36]
Globular voids
rv m 1.00  106 1.00  106 1.00 106 1.00  106 1.00  106 [35,36]
P % 4 4 4 4 4 [36,37]
S m2m3 1.25  105 1.25  105 1.25 105 1.25  105 1.25  105 [36]
Total
P % 10.4 6.6 14.0 10.4 10.4 [28,35–37]
S m2m3 1.20  106 1.19  106 1.21 106 1.21  106 1.19  106 [14,36]
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The model gives predictions for coating shrinkage, in
both through-thickness and in-plane directions. Through-
thickness shrinkage is caused by sintering of inter-splat
pores (Eq. (9)), whereas in-plane shrinkage arises from sin-
tering of both inter-splat pores and intra-splat microcracks
(Eq. (10)): it is isotropic in-plane (see §A.1.1):
DL
L0
 	
tt
¼  h h0
h0
ð9Þ
DL
L0
 	
ip
¼  rs  rs0
rs0
 a a0
a0
ð10Þ
Fig. 4 compares previously reported dilatometry data [14]
with model predictions for coating shrinkage, in through-
thickness and in-plane directions, at 1200 and 1400oC.
The predictions are based on a bimodal distribution of in-
ter-splat pores and intra-splat microcracks, with open
dimension 50 and 200 nm. Predictions for a monosized dis-
tribution (125 nm) of pores and microcracks have not been
included, due to its similarity to those for a bimodal distri-
bution (in the plotted timeframe). It can be seen that exper-
imental and predicted curves exhibit good agreement, both
in terms of the absolute values and the general trends.
There are some minor discrepancies, but these are attribut-
able to either experimental artefacts or the simpliﬁcations
incorporated in the model.3.2. Surface area reduction
The contributions to the surface area of inter-splat
pores, intra-splat microcracks and globular voids, and their
reduction during sintering, can be predicted. The surface
area per unit volume of material (including pores), S, is
given (see §A.1.2) by
S ¼ Sð1Þ þ 2Sð2Þ þ Sð3Þ ð11Þ
in which the factor of 2 reﬂects the presence of two orthog-
onal sets of microcracks. Fig. 5(a) compares previously re-
ported experimental (BET) surface area data [14] with
model predictions, for monosized (125 nm) and bimodal
(50 and 200 nm) distributions of inter-splat pores and in-
tra-splat microcracks, at 1400 C. Experimental data
points represent the average of three measurements (per-
formed on three diﬀerent samples) for as-sprayed coatings,
the average of two measurements for 1 h heat-treated coat-
ings and just one measurement for the 10 h heat treatment.
The variability for the multi-measurement cases was so
small that error bars would not be visible on the scale of
this plot. While the experimental data are clearly limited,
good agreement is again observed, particularly for the bi-
modal pore size distribution. A bimodal pore size distribu-
tion leads to a two-stage surface area reduction, with a fast
initial decrease, associated with the ﬁner pores and micro-
cracks, followed by a slower reduction, associated with
coarser pores and microcracks.
Fig. 4. Comparison between experimental data [14] and model predictions
for coating shrinkage, (a) at 1400 C in both through-thickness and in-
plane directions and (b) in the through-thickness direction, at both 1200
and 1400 C. The model predictions are based on a bimodal distribution
(50 and 200 nm) for the initial open dimension of both inter-splat pores
and microcracks.
Fig. 5. Comparison between experimental data [14] and model predictions
for (a) surface area reduction and (b) porosity, at 1400 C.
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The changing contributions to the overall porosity of
inter-splat pores, intra-splat microcracks and globular
voids can also be predicted:
P ¼ P ð1Þ þ 2P ð2Þ þ P ð3Þ ð12Þ
Fig. 5(b) compares experimental porosity data [28], obtained
using mercury intrusion porosimetry, with model predic-
tions, for a bimodal distribution (50 and 200 nm) of inter-splat pores and intra-splat microcracks, at 1400 C. (The
predictions for a monosized distribution have not been in-
cluded, due to its similarity to those for a bimodal distribu-
tion.) Again, the experimental data are limited (and
changes tend to be small relative to the scatter), but the pre-
dicted behaviour is certainly consistent with observations.
3.4. Eﬀect of microstructural evolution on thermal
conductivity
The same geometrical representation of inter-splat
porosity has been previously employed to predict
through-thickness thermal conductivity [22]. Fig. 6(a)
shows predictions for the growth of inter-splat fractional
contact area, for monosized (125 nm) and bimodal (50
and 200 nm) pore size distributions. Fig. 6(b) compares
Fig. 6. (a) Predicted evolution at 1400 C of the fractional inter-splat
contact area growth and (b) comparison between experimental thermal
conductivity data [14,28] and predictions obtained using the ‘‘two ﬂux
regimes” model [22], based on the inter-splat contact area predictions
shown here.
Fig. 7. Predicted sensitivity of (a) through-thickness shrinkage rate and
(b) fractional inter-splat contact area growth, to variations in the size and
separation of inter-splat contacts, for a temperature of 1400 C and an
initial fractional contact area of 15%.
988 A. Cipitria et al. / Acta Materialia 57 (2009) 980–992experimental thermal conductivity data [14,28], measured
using the hot disk [29] and steady-state bi-substrate [30]
methods, with predictions from the thermal conductivity
model, using evolving microstructural parameters obtained
from the sintering model. Again, there is good general
agreement, although there is inevitably signiﬁcant scatter
in the experimental data. In a similar way to the surface
area reduction kinetics, the growth of inter-splat contact
area diﬀers for monosized and bimodal pore size distribu-
tions. This suggests that surface diﬀusion contributes
strongly to microstructural changes which aﬀect coating
properties. It may be noted that neither the sintering modelnor the thermal conductivity model incorporate any arbi-
trarily adjustable parameters.
4. Sensitivity analysis
4.1. Sensitivity to initial pore geometry
As expected, the rate at which the microstructure
evolves is sensitive to the scale of the structure. For exam-
ple, Fig. 7 shows how reductions or increases in the size of
inter-splat contact bridges (rb) and the spacing between
them (rs), for a given fractional contact area (Ab/AT), aﬀect
both shrinkage and inter-splat area growth. This is clearly a
Fig. 8. Predicted sensitivity of inter-splat pore (a) speciﬁc surface area and
(b) fractional contact area growth, to the initial open pore dimension, for a
temperature of 1400 C.
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ated with sintering.
Fig. 8 illustrates the eﬀect of variations in the initial
open pore dimension, b, on the evolution of the surface
area and the inter-splat contact area. Predictions are given
for three values (50, 125 and 200 nm). These cases have
similar surface areas, but diﬀerent curvature gradients
(the reciprocal of the half-open dimension is taken as the
eﬀective curvature), which is the basic driving force for sur-
face diﬀusion. It can be seen that ﬁner pores lead to faster
spherodization – i.e. more rapid surface area reduction and
contact area growth. The same trend is observed on chang-
ing the initial open dimension of intra-splat microcracks.4.2. Sensitivity to diﬀusivities
Sintering is sensitive to the values of the surface and
grain boundary diﬀusivities. Surface diﬀusion is a non-
densifying process, which redistributes material around
the free (pore) surfaces and reduces the surface area,
without causing shrinkage. Grain boundary diﬀusion,
on the other hand, is a densifying mechanism, which
moves material from the interior to the surface and
reduces both the pore surface area and the pore vol-
ume. Fig. 9 shows predicted eﬀects of raising these dif-
fusivities on through-thickness shrinkage rates, surface
area reduction and inter-splat contact area, for a bimo-
dal distribution of pores and microcracks (50 and
200 nm).
It can be seen in Fig. 9(a) that increasing Dgb0 acceler-
ates the shrinkage, as expected. However, an increase in
Ds0 actually reduces the shrinkage rate, rather than having
no eﬀect, as might have been expected. This is due to more
of the driving force for diﬀusion (eﬀectively the presence of
sharp gradients of curvature) being consumed by surface
diﬀusion (which causes no shrinkage) and hence being
unavailable to promote grain boundary diﬀusion – i.e.
the two processes are in competition with each other. This
is in agreement with predictions from previously published
(numerical) sintering models [31–33], which have also
reported that surface diﬀusion can (indirectly) inﬂuence
shrinkage rates in this way.
Both surface and grain boundary diﬀusion reduce the
surface area and promote increased inter-splat contact
area. However, it is apparent that the reference condi-
tions are such that acceleration of grain boundary diﬀu-
sion has little eﬀect on the rate of surface area reduction
and inter-splat contact area growth, whereas the behav-
iour is more sensitive to changes in Ds0 – see Fig. 9(b)
and (c). It follows that, if the avoidance of inter-splat
bonding is a particular objective, then measures that
reduce the rate of surface diﬀusion are likely to be
eﬀective.
5. Conclusions
The following conclusions can be drawn from this work.
(a) A model has been developed for simulation of sinter-
ing phenomena in free-standing plasma-sprayed zir-
conia coatings, based on the variational principle –
i.e. microstructural evolution along a path which
optimizes the rate of net energy reduction. Its broad
validity has been conﬁrmed by comparison with
experimental data for shrinkage, surface area, poros-
ity and thermal conductivity.
(b) The model has been used to explore various issues,
including the relative sensitivity to pore architec-
ture (microstructure) and material properties,
particularly the surface and grain boundary
diﬀusivities.
Fig. 9. Predicted sensitivity of (a) through-thickness shrinkage rate, (b)
surface area reduction and (c) fractional inter-splat contact area growth,
to values of surface and grain boundary diﬀusivities (pre-exponential
constants), for a temperature of 1400 C and a bimodal distribution of
inter-splat pores and microcracks.
990 A. Cipitria et al. / Acta Materialia 57 (2009) 980–992(c) As the structure is reﬁned – for example, as the size
and spacing of inter-splat contact areas are reduced,
or the open pore dimension is decreased – the sinter-
ing rate accelerates, as a consequence of the shorter
diﬀusion paths or larger initial curvature gradients,
respectively.
(d) Exploration of the eﬀects of input diﬀusivity values
indicates that the model successfully captures the
coupling of densifying and non-densifying mecha-
nisms. Predictions indicate that, while surface diﬀu-
sion does not directly cause any densiﬁcation, it can
indirectly aﬀect shrinkage rates. For example, an
increase in the surface diﬀusivity can reduce shrink-
age by quickly consuming the driving force for diﬀu-
sion (gradients of surface curvature), so that grain
boundary diﬀusion, and the associated densiﬁcation,
is retarded.
(e) The inter-splat contact area aﬀects both the through-
thickness thermal conductivity and the in-plane stiﬀ-
ness, and is hence of considerable practical signiﬁ-
cance. Model predictions indicate that more rapid
surface diﬀusion can accelerate the rate of increase
of this contact area, while simultaneously retarding
the rate of densiﬁcation and shrinkage. This high-
lights the importance of monitoring several experi-
mental indicators of the progression of sintering,
which depend on both densifying and non-densifying
mechanisms, if the process is to be properly under-
stood and controlled.
(f) Model predictions highlight the sensitivity of the
rates of shrinkage and pore spheroidization to both
microstructural parameters and (surface and grain
boundary) diﬀusivities. In order to obtain reliable
predictions, accurate values are required for both of
these sets of parameters.
Acknowledgements
Financial support has come from a Basque Government
scholarship (for A.C.), from EPSRC via a Platform Grant
(for I.O.G.) and from Sulzer Metco (US) Inc. The authors
are grateful for the extensive technical assistance of Sulzer
Metco and for various useful discussions with Sulzer Met-
co personnel, notably Mitch Dorfman and Clive Britton.
Appendix A. Derivation of key equations
A.1. Superposition of domains for a bimodal distribution of
pores and microcracks
Assuming superposition of domains corresponding to
inter-splat pores, intra-splat microcracks and globular
voids, a coating length, L0, a coating volume, V, and a
coating total volume, VT0, which comprises n
ð1Þ
fine and
nð1Þcoarse inter-lamellar pore domains (open dimension 50
and 200 nm), nð2Þfine and n
ð2Þ
coarse intra-splat microcrack
A. Cipitria et al. / Acta Materialia 57 (2009) 980–992 991domains, and n(3) globular void domains, the following
relationships can be written:
L0¼ nð1ÞfineLð1Þ0 fineþnð1ÞcoarseLð1Þ0 coarse
¼ nð2ÞfineLð2Þ0 fineþnð2ÞcoarseLð2Þ0 coarse¼ nð3ÞLð3Þ0 ðA1Þ
V ¼ nð1ÞfineV ð1Þfineþnð1ÞcoarseV ð1Þcoarse¼ nð2ÞfineV ð2Þfineþnð2ÞcoarseV ð2Þcoarse¼ nð3ÞV ð3Þ
ðA2Þ
V T0¼ nð1ÞfineV ð1ÞT0 fineþnð1ÞcoarseV ð1ÞT0 coarse¼ nð2ÞfineV ð2ÞT0 fine
þnð2ÞcoarseV ð2ÞT0 coarse
¼ nð3ÞV ð3ÞT0 ðA3Þ
The assumption is made that nð1Þfine ¼ nð1Þcoarse and nð2Þfine ¼ nð2Þcoarse.
A.1.1. Coating shrinkage
A net change in length DL is given by the sum of the
changes from inter-splat pore and microcrack domains
DL ¼ nð1ÞfineDLð1Þfine þ nð1ÞcoarseDLð1Þcoarse þ nð2ÞfineDLð2Þfine þ nð2ÞcoarseDLð2Þcoarse
ðA4Þ
Through-thickness and in-plane shrinkage values are given
by
DL
L0
 	
tt
¼ ðh h0Þfine þ ðh h0Þcoarseðh0Þfine þ ðh0Þcoarse
ðA5Þ
DL
L0
 	
ip
¼ ðrs  rs0Þfine þ ðrs  rs0Þcoarseðrs0Þfine þ ðrs0Þcoarse
 	
þ ða a0Þfine þ ða a0Þcoarseða0Þfine þ ða0Þcoarse
 	
ðA6ÞA.1.2. Surface area
The total surface area is given by Eq. (A7) and the spe-
ciﬁc surface area by Eq. (A8). The surface area correspond-
ing to intra-splat microcracks is doubled, to account for the
two orthogonal arrays of microcracks
AS ¼ ðnð1ÞfineAð1Þs fine þ nð1ÞcoarseAð1Þs coarseÞ
þ 2ðnð2ÞfineAð2Þs fine þ nð2ÞcoarseAð2Þs coarseÞ þ nð3ÞAð3ÞS ðA7Þ
S ¼ A
ð1Þ
s fine þ Að1Þs coarse
V ð1Þfine þ V ð1Þcoarse
þ 2A
ð2Þ
s fine þ Að2Þs coarse
V ð2Þfine þ V ð2Þcoarse
þ A
ð3Þ
S
V ð3Þ
ðA8ÞA.1.3. Porosity
The overall porosity is given by
P ¼ ðV
ð1Þ
T  V ð1ÞÞfine þ ðV ð1ÞT  V ð1ÞÞcoarse
V ð1ÞT0 fine þ V ð1ÞT0 coarse
þ 2 ðV
ð2Þ
T  V ð2ÞÞfine þ ðV ð2ÞT  V ð2ÞÞcoarse
V ð2ÞT0 fine þ V ð2ÞT0 coarse
þ V
ð3Þ
T  V ð3Þ
V ð3ÞT0
ðA9Þ
The porosity corresponding to intra-splat microcracks is
doubled, to account for the two orthogonal arrays of
microcracks.A.2. Free energy of the system
The free energy per unit volume of material is given by
Gð1Þðh;zs;rs;N sÞ¼ 1
V ð1Þ
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ðA12ÞA.3. Rate of energy dissipation
The rate of energy dissipation per unit volume of mate-
rial, W(1), corresponding to the interlamellar pore domain,
is given by
Wð1Þð _h; _zs; _rs; _N sÞ¼Wð1Þgb zþWð1Þgb rþWð1Þs r þWð1Þs z þWð1Þm
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where the diﬀusion ﬂuxes and grain boundary migration
rate are given by
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The rate of energy dissipation per unit volume of material,
W(2), corresponding to the intra-splat microcracks, is given
by
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ðA19Þ
where the diﬀusion ﬂuxes are given by
jð2Þgb xðxÞ ¼  _ax x 2 ½0; xb ðA20Þ
jð2Þs xðxÞ ¼ _ycðL0  xÞ x 2 ½xb; L0; y ¼ a yc ðA21Þ
jð2Þs yðyÞ ¼ xb _aþ y
xb
a yc
_aþ L0  xb
a yc
_yc
 	
y 2 ½0; a yc; x ¼ xb ðA22ÞReferences
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